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This paper presents the use of a 6 DoF position measurement method with the NaviFast6D device, which is a
short-range measuring arm for linear and angular position measurements. The device is used in the measurement
of correct hip prosthesis fixation during hip surgery. The arm is equipped only with accelerometers, which is an
innovative application that needs to be verified. The described experimental tests of determining the repeat-
ability of the NaviFast6D demonstrated the correctness of the method. The analysis of the measurement

repeatability limitations in the measurement and the dependence of the measurement repeatability on the arm
base position, was described in detail. The need for about 400 repetitions of the measurement to obtain
repeatability of measurement averaged in the range of 0,1 + 0,2 mm was demonstrated. The applicability of the
measuring arm in the case of approaching to the vertical of any axis of the arm joints was determined.

1. Introduction

Today’s measurement technology is aimed at providing data for
process supervision with regard to quality of measurement at the highest
possible level. An example of such devices are coordinate measuring
arms and their application in production measurements. Verification of
geometric parameters of objects in 3D space is one of the main tasks of
coordinate measuring arms [1,2]. This is due to the high quality re-
quirements of manufactured products checked in this respect already at
particular technological stages. A similar situation occurs in medical
geometric measurement (especially in orthopedics), where reliable
measurement information is linked to correctly performed surgery and
the well-being of the patient after the procedure. Both of the discussed
examples are characterized by the possibility of a limited number of
measurements of the same parameter, often the measurement is per-
formed once. This raises the question of what the uncertainty and
repeatability of the measurement is, what factors influence its uncer-
tainty and repeatability and what can be done to achieve a level of those
parameters that allows the measurement to be considered reliable.

2. Literature analysis

The standard used to determine position and orientation of the probe
tip for robots and articulated arms is the Denavit-Hartenberg (D-H)
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notation, which takes into account the geometry and angular relation-
ships of the individual joints [3,4].In articulated measuring arms or
robots, the determination of individual joint angles is based on mea-
surements from encoders placed directly on the axis of rotation. This
ensures a very high accuracy of measurement and limits the influence of
the sensor mounting on the angle measurement. Factors affecting the
uncertainty of measurement are the geometry of each arm component
and the connections between the individual components, particularly
with regard to the six rotary joints. The new measuring arm solution
analyzed in this paper uses accelerometers [5] to determine the joint
angles. As this is a completely new approach, it requires the determi-
nation of an accuracy and repeatability parameters for such constructed
measuring arm. A characteristic feature for accelerometric sensors is the
invariability of the accelerometer readings at static measurement for
rotation of the accelerometer around the vertical. The consequence of
this fact is the inability to measure at the vertical (with respect to gravity
direction) axis of rotation of the joint, which limits their industrial
applications.

The practice often used by manufacturers of measuring machines
and robots of stating the accuracy of a realized measurement as the
accuracy of the measuring device leads to misinterpretation of this in-
formation [2]. In case of robots, the quoted accuracy and repeatability
refer to reaching a position by the tip of the kinematic structure and in
case of measuring arms the quoted accuracy and repeatability refer to a
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parameter used by the end user.

The accuracy of the measurements is limited primarily by the
feasibility of the construction of the components of the measuring
equipment and the type of measurement sensors used. Additionally, in
the case of single measurements involving measuring arms, it is not
possible to use statistical methods of evaluation of uncertainty of mea-
surement (standard uncertainty type A [6,7]) because of their experi-
mental character [8].

The literature related to repeatability and accuracy measurements
for robots and articulated measuring arms mainly focuses on the study of
measurement accuracy and methods for its determination [9] and their
calibration [10,11]. In [12], the three-dimensional position measure-
ment uncertainty space for an articulated arm measuring machine was
determined based on neural network learning with feature point posi-
tion determination for a normalized cone. The use of a virtual model of
the articulated arm to determine the measurement uncertainty space for
both position and orientation of the measuring tip is described in [1
13-15]. The use of the virtual model allowed for a graphical represen-
tation of the correlation relationships between the error components,
this solution can be applied to non-linear models and additionally
through the use of neural networks or Monte Carlo simulations [15-18]
takes into account (standard uncertainty type B) the probability density
function of quantities that are not determined by statistical processing
from measurements (standard uncertainty type A). It is shown in [19],
based on D-H and Jacobian notation of the arm, that the measurement
uncertainties of the arm design parameters (a;, d;) and the distance of the
first axis from the base system directly affect the total measurement
uncertainty as a constant value, while the measurement uncertainties of
the trigonometric function parameters for the angles (o; and 6 ;) affect
not only by the joint design parameters but also by the arm alignment.
The angle sensors used, which have a large influence on the accuracy of
a; and 0;, must be very precise, but it is not stated what the minimum
accuracy value of these measurement elements is. In [20], a method is
shown to integrate the uncertainty of the measurements of the arm
design parameters together with the position assumed by the arm in the
working area and its effect on the total measurement uncertainty of the
arm in the form of D-H notation with the rules described in the Guide to
the Expression of Uncertainty in Measurement (GUM) [7,21]. The
working areas of the measuring arm where the lowest standard devia-
tion of the measurement is achieved are presented. In [22], it was pro-
posed to reduce the total uncertainty of a measurement performed with
an articulated measuring arm by applying a multi-position measurement
model using D-H notation and the Levenberg-Marquardt (LM) algorithm
to determine the arm calibration. A single-position measurement model
was compared to a multi-position measurement model in the arm
working space, showing a 40 % improvement in the measurement un-
certainty score in favor of the multi-position measurement model for
arm calibration.

However, all of the measurement uncertainty studies discussed here
have involved robots and arms using precision angular position sensors
(encoders), with no constraints on their setup or the cost of the sensors
themselves. The cost of the sensors used in robots and arms is signifi-
cantly out of line with the feasibility of using them in disposable arms for
medical applications, which is a reason to look for a solution that meets
these criteria. Attempts are being made to develop new sensors using
such physical phenomena related to capacitance [23], magnetoresis-
tance [24-26] and optical ones [27]to provide an alternative to en-
coders. Often, however, these solutions prove not to meet the size
requirements, do not take into account the specifics of operation in
medical environments, and are not available as devices for commercial
applications due to their experimental nature. The use of accelerometers
for position measurements [28], in contrast to their basic operation in
inertial navigation [29], is an innovative application that requires
testing.
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3. Construction and principle of arm operation
3.1. Construction

The NaviFast 6D device is a short-reach measuring arm used to
measure linear and angular positions in all degrees of freedom. This arm
was developed for surgeons to measure the correct fixation of hip
prostheses during hip endoprosthetics surgery (Fig. 1). Due to the
environment in which the arm works - the possibility of blood
contamination or flooding, as well as the requirements of relatively low
production costs, it was not possible to use classical measuring systems.
An innovative solution was decided upon, in which the measurement is
performed using MEMS sensors aimed to measure accelerations.

However, in the presented application it is a static measurement -
only the direction of gravitational acceleration is measured. The Navi-
Fast 6D device consists of 7 segments (Fig. 2) connected by rotational
joints. In each segment, there is a triaxial MEMS accelerometer con-
nected to the computational and control system located on segment 3.

Segments 1 and 7 are attached to the femur bone and hip plate,
respectively, using special quick disconnects.

The proper kinematics of the arm is the key issue to this solution -
accelerometers are able to measure the angle of rotation at the arm joint
provided that the joint axis is not vertical. This paper will analyze the
impact of the proposed innovative measurement method on the
repeatability of the measurement and will determine the allowable
limits of variation of individual configuration parameters. Chapter 3.2
will present classical formulas for determining position based on artic-
ulated angles, and Chapter 3.3 will present formulas for determining
articulated angles based on accelerometer readings.

Chapter 4 will present a methodology for determining measurement
repeatability based on accelerometer uncertainty and the uncertainty
propagation method, along with a presentation of the computational
results of this analysis, and Chapter 5 will present experimental studies
to determine both accelerometer uncertainty and measurement arm
repeatability, along with a comparison of these results with theoretical
predictions.

3.2. Position determination based on D-H matrix and theta angles

The coordinate systems Ox;, 2z, i = 0...6 according to Denavit-
Hartenberg notation, shown in Fig. 2, were defined on each of the 7
segments of the measuring arm. For these coordinate systems, the in-
dividual D-H parameters shown in Table 1 were determined.

Moreover, additional coordinate systems Oxgypzp, OXgygzg can be
defined on segment O (treated as the base) and segment 6 (treated as the
effector), directly related to the characteristic points relative to which
the measurement takes place. In the further part of the article, we will
treat the determination of the position and orientation of the last
segment in relation to the first segment, recorded in the form of a ho-
mogeneous matrix A, as a measurement for such a defined measuring
arm:

AL = AR AAAASAL M

However, since for the issues of measurement repeatability and for
the demonstration of the key dependencies allowing the calculation of
this repeatability, the definition of specific systems is not very important
and the matrices A}, A% are constant, in the following it is assumed that
the systems Oxgyp 2p, OXgyr2g are equivalent to the systems Oxqyo 2o,
Oxgye2e, respectively, and the determined homogeneous matrix has the
form.

A = Af = AJATAJAAGAS a1
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Fig. 1. Appearance of the measuring arm attached to the femur and hip bone model.

Fig. 2. D-H coordinate systems associated with individual joints and links.

Table 1

NaviFast6D Arm D-H Parameters.
Joint number 0; d; [mm] a; [mm] o [°]
1 01 13 20 —-90
2 [} 0 95 0
3 O3 15 5 —-90
4 04 100 -5 90
5 Os 18 20 —-90
6 06 0 0 45

cosf; —sinb;cosa; sind;sina;
sinf;  cos@;cosa; —cos6;sina;
0 sina; cosa; d;

0 0 0 1
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a;cos0;

a;sind;

(2)

According to [18], in a homogeneous transformation matrix, we can
extract the elements responsible for the displacement (d) and the
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orientation of the effector (R):

R} d
3
0 ©)

Another way to describe orientation is to determine the roll, pitch,
and yaw angles based on the relationship:
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cosO; —sinb;cosa;  sind;ssinq;
R | = | sind; cosOcosa;  —cosO;sina; (10)
0 sina; cosa;

Transforming the above equations we obtain:

cos(f)cos(y) sin(a)sin(f)cos(y) — cos(a)sin(y) cos(a)sin(B)cos(y) + sin(a)sin(y)
Rioit(y)—piteh(p)—yawiay = | cos(B)sin(y) sin(a)sin(B)sin(y) + cos(a)sin(y) cos(a)sin(B)sin(y) — sin(a)sin(y) | = =R} 4)
—sin(f) sin(a)cos(p) cos(a)cos(p)
In this way, we determine the vector L in the form: . o
e, cosO; —sinB;cosa;  sin@;sina; ey,
_ _ . T ey, | = | sind; cosOcosa; —cosO;sina; | | ey, 11
L= [LP,ON;.(,} = [L).,L}»,Lz,mll(y),pttch(ﬂ),yaw(a)} (5) Yio1 4 yi
[ 0 sina; cosa; e,
T
contains the displacement vector L, = (dg) and angular data Oy pq ie.
regarding effector orientation in relation to the base.
{ e,, , = cosbie,, — sinf;cosa;e,, + sind;sinq;e., a2)
3.3. Theta determination based on a single measurement ey, = sinb;e,, + cosO;cosa;e,, — cosb;sinm;e,,
The parameters a;, d;, o; are defined for a given manipulator by its e, , = sind;(—cosaie,, + sina;e,,) + cosbie,, 13)
design. In the following part, it will be assumed that they are invariant e, , = sinb:e,, + cosO;(cosa;e,, — sinaze;,)

during the use of the arm and thus do not affect repeatability. For
computational purposes, their value will be assumed to be consistent
with theoretical parameters. The determination of each angle 6; = 6 is
determined by measurements from the accelerometers. Each acceler-
ometer measures the value of acceleration in three directions:

Yi = [a(rc’x, Aeey,  Aecz; ]T (6)

To describe the gravitational acceleration vector E; in the coordinate
system according to the D-H notation for each segment and measuring
arm, we can write:

ey :
E=|e, | =o* |:1;’} )
€;

where w; is a sensor calibration matrix of dimension 4 x 3. The process of
calibrating the arm and determining the calibration matrices w; is
described in [6]. The calibration matrix is constructed so that it corrects
for the static error of the accelerometers, proportionality factors, scales
the measurement so that the nominal length of the vector E; is equal to 1,
and includes a multiplication by the rotation matrix so that the indi-
vidual components are expressed in terms of the D-H system of the
segment. The E; vectors determined this way for all accelerometers will
be referred to in the remainder of this paper as the output vector or
measurement vector:

E = [Eo; E1; Ex; E3; Ea; Es; Eg) 5, ®

For two gravitational acceleration vectors E; and E;j; of adjacent
segments of the measuring arm, it is known that:

E = RLI *Ei ©

where matrix RLI is part of a homogeneous matrix (2):

In the notation for solving a system of equations by the determinant
method with unknowns sin, cos 0;:

{ sin;(—cosazey, + sina;e;,) + cosOie, = ey, | 14)
sinb;e,, + cosO;(cosa;e,, — sinaze, )= ey, |

we obtain:

sinf; = Wiing: (15)
cosf; = W‘—u";ﬁ (16)
where

W= ei + ( — cosa;ey, + sinocie‘.,)2 = eﬁH + e%H a7
Wiing, = ey,_ €x,+ex_, (— cosaze,, + sinme., ) 18
Weost; = €, €x,—€y,_, ( — cosq;ey, + sina,-ezt) 19

This system of equations is solvable under the condition that W # 0.
A more detailed analysis shows that this condition is the same as when
the axis z;_; is deviated from the vertical. We determine the angles 6;
from the atan2 function of the form:

0; = atan2(sin;, cosd;) = atan2 (megi, Wm:g() (20)

Assuming that 6; is from the range ( -3 ’é), it can be written:

(20%)

ey etex ( — cosajey, + sin(l,»ez,)
0; = atan - .
€y ey —ey | ( — cosa;ey, + sma,»e,_,)

From the above formulas, it is clear that the procedure for deter-
mining the individual angles 6; depends on the components of the
gravitational acceleration vectors E; (in the form ey; ey;, e;) and Ej (in
the form ey;_1, ey;—1) and the angles ai between the z;; and z; axes
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measured around the x; axis of particular segments. Relationship (6)
indicates that the input values of the components of the gravitational
acceleration vectors and the angle o; of the individual segments are
correlated, which will affect the calculation of the composite standard
uncertainty of the measurement of the angles 6;. In order to correctly
determine the uncertainty in the following relationships, it is important
to note that the values of E; depend on the orientation of the entire arm
with respect to the direction of the gravity vector. In order to determine
these relationships, the coordinate system Oxgygzg was additionally
defined to define the vertical direction. The z¢ axis of the gravity system
is up and the xg axis of the gravity system coincides with the projection
of the 2y axis (the axis of rotation of the first joint) on the horizontal. The
position of the arm was defined by the position of the segment 0 with
respect to the gravitational system G. This definition cannot be deter-
mined in an arbitrary way due to the possibility of oddness. The two
angles f, and f, of rotation of system O with respect to the gravitational
system G (with z-axis pointing vertically upward) were defined as fol-
lows: By - angle between 2z and 2q (deviation of the 2o axis from vertical)
- always positive; B, - angle between ys and yo (rotation of the base
segment about the axis of joint 1). This can be represented by the
following relationships:

0
ROG (ﬁvv ﬁ:)*Eo =10 (21)
1

cospcosp,
R =Ry Ry = sinf,
—sinfl,cosp,

—cospsinf,  sinf,
cosp, 0 (22)
sinpsinf,  cosp,

ie.

Ey = [—sinfcosp, sinf,sinp, cosﬁy]T (23)

Based on these records, it can be seen that the full vector of config-
uration variables describing the static position of the measurement arm
is eight-element:

X = [61,02,65,04,05,06, B,,B.] @4
and is extended relative to the classical six-element state vector by the
elements fy, B, specifying the orientation of the arm base relative to the
vertical. On the basis of such a defined vector of configuration variables,

both the homogeneous matrix (1) and the output variables of the mea-
surement system can be determined:

E, = R°*[0,0,1]" =
= (R,)"*[0,0,
:<GU le) 0,0, 1]"

(R" )"'#[0,0,1]" =

1" = (ROR)-+Ri_,)"*[0,0,1]" = (25)

3.4. Novelty of the paper

It is easy to see that when the system of Egs. (14) is unsolvable, i.e.,
W = 0, it is equivalent to the conditions e,, =0 and —cosae,, +
sinaze,, = 0, which in turn is equivalent to.

ey, = Oiey, , = 0, meaning that the z;_; axis is vertical. This is the
relationship that should have been expected and is the primary limita-
tion of this method of measuring angular position - by measuring the
direction of the gravity field. Thus, it is to be expected that for arm
settings with either joint axis vertical, the uncertainty in the measure-
ment of position u(L) and orientation u(RPY) will grow in the limit to
infinity (for the situation where we linearize the uncertainty propaga-
tion model). Subsequent chapters and the entire article will lead to the
derivation of relationships for changes the repeatability - one of the
parameters connected to the measurement uncertainty u(L), u(RPY)
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when approaching the vertical with either axis of rotation, and further to
determine the range of applicability of the measuring arm. Since no such
method of measuring the rotation angle has been used in any of the
devices built so far in the world, so no analysis of its repeatability has
been carried out either. This analysis will additionally allow for the
precise definition of the method of attaching the NaviFast6D measuring
arm to the patient. Since the application of the arm is related to the task
of reconstructing the state of the hip joint prior to surgery, so in this
paper we will only limit ourselves to the repeatability analysis, and the
variables denoting the measurement uncertainty u(L), u(RPY) will be
discussed in further research.

4. Theoretical determination of measurement repeatability as a
function of the measurement point position in the measurement
space with eight degrees of freedom

4.1. Analysis of factors affecting repeatability and methodology for
determining repeatability

There are many parameters that describe the quality of a measure-
ment using a measuring arm. In this paper, we will mainly be concerned
with the repeatability of the measurement. In Chapter 3.3, the rela-
tionship between the angles 6; and the components of the gravitational
acceleration vectors E; was shown. The main factor affecting the
repeatability of the described measurement arm is the repeatability of
the applied measurement element (measurement noise), in the
described case of accelerometers. An additional source of noise may be
external vibrations reflected in the accelerometers reading. Addition-
ally, variable deflection of individual device segments resulting from
friction forces in the joints may have an impact on the measurement
repeatability. It was assumed that the mechanical structure of the device
has no backlash and its influence on repeatability of measurement is
negligible.

4.2. Determination of the equations for measurement repeatability

The vector L described in Chapter 3.2 is the function L = f(a, aj, dj, 6;)
for i = 1.0.6, where wj, aj, d; are fixed values resulting from the arm
design entered into the D-H matrix, while the angles 6; are calculated
from measurements using accelerometers.

Repeatability for manipulators and robots is defined as the degree of
agreement between the results of successive measurements of the same
measured value, performed under the same measurement conditions
and with the same device [30,31]. For manipulators, position repeat-
ability consists of position repeatability and tip orientation repeatability
(TCP point) of the motorized arm.

Position repeatability is defined as the radius of a sphere (RP), whose
center is also the center of the set of points of its workspace (Fig. 3):

RP, =14+3S; (26)

where the standard deviation of the position S; was determined by the
formula:

L —1)°

Sp = W (26a)

1= % Z I; (26b)
j=1

b= =9+ (05—9) + (5 -2’ (26¢)

For - X, ¥ and Z - as the average coordinates of the workspace points
obtained by obtaining the set position n times; x;, y; and z; - the co-
ordinates of the actual position obtained with the j-th movement to the
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set position.
Orientation repeatability is defined as the spread of angles + 3Sy,

+3SB, £3Sa from the mean values roll - y , pitch - p, yaw - o, where Sy,
SB, Sa are the normalized deviations of the real orientation distribution:

Zn: (v - 7)2

RPy = +38y = +3 % 27)
> (B -5

RPB = £3Sp = +3 % (28)
> (o5~ a)’

RPa = +3Sa = +3 % (29)

where: ¥, B and G- mean value of orientation angles, v j, f j and o j - real
orientation angles obtained at the j-th repetition.

For the presented arm, we have 6 parameters 6; describing the
angular position of the arm joints. According to the uncertainty propa-
gation law [32], the covariance matrix Cov(L) of measurement result L
for correlated variables has the form:

> & oof, of

6 2
of
Cov(L) = — ] $%(6) +2 —*=—*Cov(0;,6; 30
ot =Y (%) $00+ )PP LRI (30)
%, . %, 0, 9 0 0 0 0 0
% % 0 Oe, Odey, Oe, 00, 00, 00, 0 0
X0 Yo Y
0 o0 o % 0 e Oy ey g gp
. 0 o de,,  Oey, 00; 065 0 de,, Oey,
Jop =
O/E 0 0 0 ae)fz aey2 604 064
0 0 O
000 0 0 0 ey, ey,
000 000 00 0 0 0
000 00 0 00 o0 0 0
which is equivalent to the notation:
Cov(L) = J,Cov(6)J] (€3]

Jacobian Jj is calculated from the equations of simple kinematics of
the manipulator as the derivative of the scalar function of the Jacobian
matrix according to [4]. The variances and covariances of the individual
joint variables can be written in matrix form:

52(6y) cov(0,05)

Cov(0) = (32)

COV(HéH]) Sz(gﬁ)

6x6

We calculate the parameters 0; by measuring the direction of the
gravitational field from 7 accelerometers as a vector of input variables E
according to equation (8). Each accelerometer measures in three
mutually perpendicular directions, resulting in a total of 21 possible
variables affecting the measurement standard deviation of the joint
variables 0; The measurement standard deviation of the vector E
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components of the gravitational field is a composite of the standard
deviation of the accelerometer readings. To determine the variances and
covariances matrix in the determination of the angles 0;, as defined by
equation (32), the following relationship can be used:

Cov(0) = Joe*Cov(E)*Jj (33)
where the matrix Cov(E) is a diagonal matrix containing on its diagonal
the variances of the individual variables determined by methods A and
B. On the other hand, the Jacobian of the derivatives Jy g is calculated
from equation (6). The equations of partial derivatives of the function 6;
after the parameters of the vector E take the form:

69,‘ —€y,, 60, €xi, 09,
. 2 180 de @ o v U (34a,b,c)
Cxi1 er—l + e,\',—l €yii el’«—l + e,V,—l i
90 e,,cosq; — e sina; ) (34d)
T e 2 2 cina? 2 ina;’
e, e; cosa; + e sina; + e; — 2ey, e, cosa;sing;
90; —e,,cosa; ) (34e)
dey, €2 cosai + e sinaj + 2 — 2eye cosasing;’
00; e, sina;
= — (34D

de;,  eXcosa; + eXsina} + €2 — 2eye cosa;sing;’

Given the angles (0 . ¢), we determine the Jacobian of the derivatives
JosE:

00 O ]
0 0 0 0 00 0
00 O
a‘; 000 00 0
3 00 O 0 0 0
e 00 0
...... 00, o, o, O 0 0 0 0 0 (35)
a e dey, % ()e;4 a
0 & Os w5 005
005 205 0 ae"s % %es 0 0 0
0 de,, e 0, s a0, o0
Be () e ey Oey
0 0 0 0 dey ™ *
4 6x21

The matrix Cov(0) can be used to determine the uncertainty of the
transform T§ from system 6 to 0, and then to determine the standard
deviation of determination of the displacement vector.

L = [Ly,Ly,L;,yaw(a), pitch(8),roll(y) |. The designated Jacobian J,z
can then be used to calculate the covariance matrix of measurement
Cov(L).

Cov(L) = Jijodoye Cov(E) g1 g (36)

The resulting value of the standard deviation for the position
expressed as:

S, = \/C()V(L)(“) + Cov(L)(y5) + Cov(L) 34 37)
and standard deviation for orientation:

Sron= COV(L)(4‘4)§ Spitch= CCOV(L)(5.5)§ Syaw=. COV(L)(e,s)
Sgpy = \/COV(L)(M) +Cov(L) 55 + Cov(L) 5 (38)
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Fig. 3. Repeatability of RP position and orientation RPy=+3Sy, where APy = (y—yc) - accuracy of angle y orientation, determined according to [30].

were used to calculate position repeatability and orientation repeat-
ability according to the formulas (26), (27), (28) and (29).

Since the standard deviation S; and Sgpy have different measures
(mm and radians) it was decided to introduce an additional parameter
combining all the uncertainty components. This parameter can be
defined as the average standard deviation of determining the position of
the effector characteristic point for an assumed distance A of this point
from the center of the coordinate system of the last arm segment.

stationary a; axis at successive positions of the a, axis in the range from
0 to 340° in 20° steps and then repeating the procedure for the a; axis
rotated by 20°. Rotation of the a; axis was performed in the range from
0° to 180°, which allowed to perform measurements for 180 positions of
the plate in total.

Standard deviation values oj for one sensor were expressed as the
root of the arithmetic mean of the variance of each of the three axes of
sensor j aligned to one position k during a single measurement (n = 100
samples).

Sirey =4/ S;+ (A*SRPY)2 = \/COV(L)(].]) + Cov(L)(“) + COV(L)(3.3) + 4 (COV(L)(4.4) + COV(L)(S.S) + COV(L)((».G) ) (39

The value A = 100 mm was assumed based on the fixing conditions
characteristic for the arm application.

4.3. Experimental determination of measurement noise for different types
of accelerometers

Testing of measurement noise variation depending on the angular
orientation of the sensors in the measurement space and on the type of
accelerometer was carried out on a test stand equipped with a plate
containing 5 types of accelerometric sensors, 4 of each type. The PCB
plate was mounted at the end of the referencing device equipped with
two rotary joints connected in series with perpendicular to each other
axes a; and aj, where axis a; was fixed and oriented horizontally.
Rotation around both axes allowed the plate with sensor to be placed at
any angle with respect to the gravitational field vector axis.

The test consisted in collecting in 1 s 100 samples of data from each
accelerometer for each of its axes, with changing positions of the PCB.
The measurement procedure consisted in collecting data for the

Table 2
Operating parameters and cost for selected types of accelerometric sensors.

Range [g] Resolution [bit] Price [USD]
ADXL355 2 20 $57,36
LIS3DHH 2,5 16 $9,33
LIS331 2 16 $2,99
KX023 2 16 $2,14
MMA9551 2 16 $2,97
FXLS8471Q 2 14 $4,00

n n n

Do Oww’ Y )
O—jk o n n n ( 40)

where: Xy, Yiik, i - values of particular indications of OX, OY, OZ axes
of accelerometer, Xjk, Yjk» Zjk Tean values from n samples.

The value of the standard deviation oy for a given sensor type based
on [ = 4 pieces in all m = 180 positions, whose individual standard
deviations oy, were determined by the formula:

1 m
Oju = —Zj:llz:k:lgjk (41)
m
where: [ = 4 - number of sensors of a given type, m = 180 — number of
positions.

The measurement noise variation results summarized in Table 3
show significant discrepancies between manufacturers’ data and actual
data.

The values are presented in “standard gravity” units ([g]) and in
increments ([Inc.]) of each sensor. The manufacturer’s data were
calculated based on the “Output noise density” parameter reported in
the documentation. Based on the conducted experiments (Table 3) and
cost analysis (Table 2), a standard deviation for the FXLS8471Q sensor
equal to 0.0008 [g] was assumed for further calculations of measuring
arm repeatability. In this specific device NaviFAST 6D the cost is very
important that’s why the choice of the sensor type based on the best
price/quality ratio.
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Table 3
Measurement noise variation results depending on angular orientation for
selected accelerometer sensor types.

The standard

Sensor Units GikIMIN GjkIMAX Ojkl
model Minimum Maximum Mean deviation ¢
standard standard standard reported by
deviation deviation deviation the
in a set of in a set of for a set manufacturer
sensors sensors Sensors for f =100
[Hz]
ADXL355 [Inc.] 17,8 21 19,7 52
LIS3DHH [Inc] 6,3 13,3 7,9 5,9
LIS331 [lnc] 22 25 23 36
KX023 [lnc.] 5,2 7,3 6,2 18
FXLS8471Q  [Inc] 1,9 5,9 3,2 4
ADXL355 [g] 6,8 * 10 8,210 7,5*10°  2,0*10*
LIS3DHH [g] 4,9 *10* 1,0 *10°® 6,1*10*% 4,5*10*
LIS331 [g] 1,3*10° 1,6 *10° 1,4*10°  2,2+*10°
KX023 [g] 3,2+10™" 4,5%10" 3,8*10% 1,1*10°
FXLS8471Q  [g] 4,610 1,4 *10° 8,0*10*  9,9+*10*

Table 4
Values of angles f, and p, for which vertical alignment of arm joint axes is
possible.
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5. Presentation of experimental measurement of repeatability
and comparison with simulation results

The algorithm presented above was used to determine two re-
lationships necessary for the proper software of the measuring arm. The
first is to determine the minimum number of repetitions of measure-
ments so that the average repeatability of the RP; position measurement
is within the assumed range of values (0,1 < 0,2 mm), which is also
directly related to the time allocated for the measurement and allows for
determining the minimum time of the procedure. Based on the algo-
rithm, it is possible to calculate the repeatability value of a single
measurement. If we treat as a measurement the average of a series of n
readings for a fixed measurement arm setting, then the deviation of the
average will be expressed by the formula:

— SL
=7
On this basis, if we know what is the repeatability of a single mea-
surement S; for a given configuration and we have an assumed repeat-

ability of an average measurement S; then we can determine the number
of repetitions of a measurement to achieve it.

Sp\?
n=|(—
Sz

St (42)

(43)

No. of vertically aligned axis ° ° ° ° . s o1s . s
yais by ] . ] by . ] To achieve the position measurement repeatability at this level, it is
1 0 any 180 any required that the average standard deviation S; does not exceed 0,05
2 90 150 90 -30 . . .
3 % 150 % 30 mm. The second parameter determined by the formulae is the permis-
_ sible minimum deviation of the individual axes to the vertical based on
4 165 60 15 120
5 98,54 —64,07 81,46 115,92 an assumed increase in measurement standard deviation. These re-
6 82,46 -152,93 97,53 27,07 lationships will be shown in the figures.
5.1. Analytical determination of repeatability of a single measurement
The values of matrix Cov(L) and cumulative standard deviation Sy rpy
depends on all eight state X variables according to equation (24).
Table 5a
Values of angles By [°] considered in the simulation.
No. 1 2 3 4 5 6 7 8 9 10
By[°] -1,01 —0,09 0,09 1,01 5 10 14 14,91 15,09 16
No. 11 12 13 14 15 16 17 18 19 20
Byl 20 30 40 50 60 64 65 65,4 65,58 66
No. 21 22 23 24 25 26 27 28 29 30
By[°] 67 70 75 79 80 81,37 81,55 82 83 87
No. 31 32 33 34 35 36 37 38 39 40
Byl 88 89,91 90,09 91 93 94 95 97 98,45 98,63
No. 41 42 43 44 45 46 47 48 49 50
Byl°] 99 110 113 114,42 114,59 115 120 130 140 150
No. 51 52 53 54 55 56 57 58 59
Byl 163 164,91 165,09 167 170 178,99 179,91 180,09 181,01
Table 5b
Values of angles pz [°] considered in the simulation.
No. 1 2 3 4 5 6 7 8 9 10
B,0°] -181,01 —-180,01 —-179,99 -170 -160 —-150 —-130 -121 -120,1 -119,9
No. 11 12 13 14 15 16 17 18 19 20
B,[°] -119 -110 —-100 —-80 —-70 —67 —64,16 —63,98 —62 —-50
No. 21 22 23 24 25 26 27 28 29 30
B[°1 -35 -31 -30,09 -29,91 -29 -15 -6 —5,44 -5,26 -5
No. 31 32 33 34 35 36 37 38 39 40
B,0°] -1,01 —0,09 0,09 1,01 10 20 30 40 50 60
No. 41 42 43 44 45 46 47 48 49 50
B[°] 70 80 90 100 110 115 115,84 116,02 117 120
No. 51 52 53 54 55 56 57 58 59 60
B,0°1 130 140 149 149,91 150,1 151 160 170 173 174
No. 61 62 63 64 65
B.[°] 175 178,99 179,91 180,09 181,01
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Fig. 6. Calculation results: a) standard deviation Lz b) standard deviation Yaw.

However, it seems pointless to present an analysis of all these de-
pendencies, since the methodology of the procedure will be invariable. It
has been decided to carry out the analyses for a constant setting of the
measuring arm with the following values of the angles 6; in the joints
expressed in degrees 0.6y = [120, 30, —45, —35, 110, 125] and for
variable values of fy and B, as the angles of setting the base of the
measuring arm. The selected set of angles on individual joints for the
angles fy = 45°, f, = 90° represents the middle position of the arm

during measurements during surgery.

This setting ensures the correct alignment of the axis of accelerom-
eters (there is no vertical alignment of the axis of the joints - which
would exclude the measurement) and allows surgeon to adjust the po-
sition of the device to the size of patient (smaller and larger than the
adopted average)..

For the assumed interval of the arm base position: py from 0° to +
180° and B, from —180° to + 180°, the values of By and B, were
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Fig. 7. Calculation results: cumulative standard deviation S;gpy [mm] determined from equation (39).

determined (Table 4) according to formula (25), in which the individual
axes of the measuring arm assume the vertical position and therefore
high measurement cumulative standard deviation Sigpy are expected.
Calculations in Matlab were performed for the values in degrees of an-
gles By and pz shown in Tables 5a and 5b with an additional density of
angle values at the feature points consistent with Table 4.

According to the tests shown in Chapter 4.3, the standard deviation
of the accelerometers was assumed to be 0.0008 [g].

The entire space in which the arm repeatability should be considered
is eight-dimensional (there are so many independent variables defining
the arm’s work). The methodology presented in the article shows the
method of determining this repeatability in any place in this space.
However, since it is not possible to show such dependencies graphically,
it was decided to experimentally verify and graphically present these
relationships for a selected set of fixed and variable parameters of in-
dividual parameters - py or f,, changing them in such a way as to show
the key phenomena.

The figures (Figs. 4-6) show the results of the standard deviation
calculations for the individual components of the vector L. The results of
the calculations for a single measurement at the positions listed in
Tables 5a and 5b indicate a significant increase in measurement stan-
dard deviation (over 1 mm) at the initial position settings for the arm
segment 1 according to Table 4. In other areas, the average standard
deviation is S;, = 0,42 mm for the position according to Equation (37)
and Sgpy = 0,34°for the orientation according to Equation (38).

Since the diagrams presented in Figs. 4-6 concern different standard
deviation components and have different measures (mm and degrees),
the cumulative standard deviation S;gpy|[mm| determined from equation
(39) is shown in the figures (Fig. 7, Fig. 8). This diagram is presented as a
contour plot to clearly show the areas of higher standard deviation
coinciding with the singular positions indicated in Table 4.

The diagram (Fig. 8) shows the boundary as an contour lines for the
measurement standard deviation where the standard deviation S;rpy
does not exceed three times the minimum value of 0,44 mm. At oddness
points, the standard deviation S;rpy of the measurement increases in the
limit to infinity and for all measurements at positions more than 15°
away from the oddness points, the maximum standard deviation Sygpy of
the measurement is 1,32 mm. Therefore, it was assumed that the 15°
deviation from the oddness points would be the limit at which the
oddness could be approached. For the measurement space thus defined,
the average standard deviation S;gpy of the measurement is 0,64 mm.
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5.2. Construction of test stand

In order to verify the computational method of standard deviation
determination using the error propagation method, an experimental
study was conducted.

The test stand (Fig. 9) for determining the angular position of the
measuring arm in space was constructed in such a way as to make it
possible to rotate the arm independently around two axes (@i, @2)
perpendicular to each other and connected in series. The base of the
stand was firmly fixed to the ground in such a way that the first axis of
rotation of the stand was set to the horizontal position (¢;). The rotation
angles were measured with an accuracy of 0.005° by two 16-bit absolute
encoders (3), independently controlling the angular position of each
axis. During all measurements, the arm was positioned with the
following values of angles 6; at the joints expressed in degrees 6(1-¢) =
[120, 30, —45, —35, 110, 125].

The verification of the experiment was carried out in two variants:

a) variant I: constant angular position of axis 1 (¢;) amounting to 295°
and variable angular position of axis 2 (¢3) within the range from 90°
to 270° with a step of 5°,

b) variant II: fixed angular position of axis 2 (¢2) amounting to 180° and
variable angular position of axis 1 (¢1) in the range of —40° to 100°
with a step of 5°.

5.3. Results

Experimental studies conducted according to variant II in the central
range of angles ¢; correspond to the positioning of the arm for a typical
patient position on the operating table. The experimental study con-
ducted according to variant I correspond to the positioning of the
measuring arm from the angular position of the first segment By = 15° at
the characteristic point (4), where the axis 4 approaches the vertical
position. On the figure (Fig. 10), there is a characteristic “break”, in
which the value of the standard deviation for the Sy, position goes to
infinity. Conducting experiments confirming the repeatability for the
entire space of angles fy and p, as was done in the theoretical analysis,
would be too time-consuming and would not bring new elements to the
analysis. Therefore, it was decided to select two sections of the plane py,
B in such a way that they pass through the singular points. In this way,
both the correctness of the obtained numerical values of the standard
deviation and the phenomenon of loss of repeatability in singular posi-
tions were confirmed.
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Fig. 9. Test stand for determining the angular position of the measuring arm base.

The experimental results of the standard deviation for the Sy, position
(Fig. 10, Fig. 11) show a shift of the standard deviation values in com-
parison with the calculation results while maintaining the trend line.
From the medical point of view, the leg evenness should be up to 3 mm.
Since the evenness of the legs is influenced by additional errors, such as
the repeatability of the doctor’s actions, the repeatability of the arm
measurement should be at the level of 1 mm at most. The achieved
values of standard deviation for the position within the working range of
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the measuring arm are below the value of 1 mm. The average standard
deviation for the tests performed according to the variant I and II of the
experiment is for the S|, = 0.46 mm. The value of standard deviation
obtained for a single measurement in the experimental research in-
dicates that in order to obtain the required repeatability of measurement
in the range of 0.1 + 0.2 mm we need to perform additional repetitions
of the measurement. According to formula (43), assuming the maximum
permissible value of the standard deviation of the position (in the
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Fig. 10. Standard deviation of Sy, position for variable angular position of axis 2 (¢2) with constant angular position of axis 1 (¢;) amounting to 295°.
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Fig. 11. Standard deviation of S, position for variable angular position of axis 1 (¢;) with constant angular position of axis 2 (¢») amounting to 180°.

working area outside the oddness points) obtained in the experimental
studies, the number of n= (0.83/0.04)2 = 430 repeated measurements
was calculated. In the analytical study, the number of repeated mea-
surements was n = 380. The minimum number of repeated measure-
ments (with the given arm configuration) determining the angles in the
arm joints to achieve the required repeatability of the position and
orientation measurements was assumed to be 400 measurements, so as
not to unnecessarily increase the measurement time during the pro-
cedure. Due to the specificity of the use of the measuring arm - for
measurement during orthopedic surgery, our goal was to define the
minimum measurement time that would ensure sufficient repeatability
of the measurement, despite the influence of external conditions. The
time necessary to collect 400 measurements is about 4 s, during which
the patient is sufficiently still. It will still be verified during the tests
during actual operations. Including in the software of the measuring
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device a message to the user about the required time of leaving the arm
stationary (in order to repeat the measurement) ensures correct opera-
tion of the device within the assumed repeatability of the measurement.

6. Summary

The described tests to determine the repeatability of the NaviFast 6D
measuring arm demonstrated that for the 6 degrees of freedom position
measurement method using an arm equipped only with accelerometers,
the measurement is possible and the repeatability of the measurements
can be determined using analytical methods. The correctness of these
methods was confirmed experimentally. The dependence of the
repeatability of the measurements on the position of the arm base was
analyzed in detail. It was demonstrated that about 400 repetitions of
measurement are necessary to obtain repeatability of measurement
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averaged in the range of 0,1 + 0,2 mm. It is going to last about 4 s. The
range of applicability of the measuring arm in the case of approaching to
the vertical of any axis of the arm joints was determined. The control
program for the measuring arm includes responsive algorithms that
inform the user of the required time for the device to remain stationary
and messages related to alignment of the axis too close (less than 15°) to
the vertical position with an indication of which axis of the arm and in
which direction to correct the device position during surgery. The
relatively low variability of the patient’s position during the hip
replacement procedure allows for the use of these arm kinematics
without compromising the patient’s health and with sufficient mea-
surement repeatability to provide feedback to the operating surgeon to
reduce the number of incorrectly implanted prostheses.

This measurement method, due to its relatively low cost and suffi-
cient accuracy, can be a good alternative to many measurement devices.
Further work on the measuring arm will focus on determining the
impact of the accuracy of the device’s construction and the impact of the
way the accelerometric sensors are calibrated on the measurement
accuracy.
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